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Mapping Unstable Manifolds Using Drifters/Floats in a
Southern Ocean Field campaign

Emily F. Shuckburgh
British Antarctic Survey, High Cross, Madingley Rd, Cambridge, UK

Abstract. Ideas from dynamical systems theory have been used in an observational field campaign in the Southern Ocean
to provide information on the mixing structure of the flow. Instantaneous snapshops of data from satellite altimetry provide
information concerning surface currents at a scale of 100 km or so. We show that by using time-series of satellite altimetry
we are able to deduce reliable information about the structure of the surface flow at scales as small as 10 km or so. This
information was used in near-real time to provide an estimate of the location of stable and unstable manifolds in the vicinity
of the Antarctic Circumpolar Current. As part of a large U.K./U.S. observational field campaign (DIMES: Diapycnal and
Isopycnal Mixing Experiment in the Southern Ocean) a number of drifters and floats were then released (at the surface and
at a depth of approximately 1 km) close to the estimated hyperbolic point at the intersection of the two manifolds, in several
locations with apparently different dynamical characteristics. The subsequent trajectories of the drifters/floats has allowed
the unstable manifolds to be tracked, and the relative separation of pairs of floats has allowed an estimation of Lyapunov
exponents. The results of these deployments have given insight into the strengths and limitations of the satellite data which
does not resolve small scales in the velocity field, and have elucidated the transport and mixing structure of the Southern
Ocean at the surface and at depth.

Keywords: Lyapunov exponents, mixing processes, ocean eddies, Southern Ocean
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INTRODUCTION

Mixing processes have a key influence on the dynamics of the oceans by shaping the density structure and the
overturning circulation. The focus of this paper is on mixing by ocean eddies. It is traditional in oceanography to
perform a ‘Reynolds decomposition’ on the flow y(x,t) to separate the mean part y(x,t) from the fluctuating ‘eddy’
part ¥/ (x,t). Analysis of ocean flows, for example using data derived from satellite altimetry, has indicated that the
kinetic energy of the ocean is dominated by mesoscale eddies with a typical length-scale of a few tens to a few hundreds
of kilometers and a typical time-scale of a week to a few months [1]. These eddies are generated by instabilities of
large-scale ocean currents. To understand the influence of eddies on mixing, it is useful to consider the evolution of
a passive scalar that is both advected by the flow and subject to molecular diffusion. In a two-dimensional steady
flow, for small enough diffusivity x, the scalar contours will align with the streamlines following an initial period of
adjustment, and then the scalar will diffuse across the streamlines with an effective diffusivity proportional to k [2]. In
a time-varying flow, differential advection can stretch and fold material lines, producing small scale structures in the
scalar field, leading to an enhancement of the effective diffusivity [3].

How can eddy mixing influence the overturning circulation of the ocean? Dense waters form and sink in the
polar regions and, after a circuitous route, rise and flow back toward the formation regions to close the circulation
meridionally (i.e. in the pole-to-pole direction). This overturning circulation of the ocean has a central role in climate
and climate variability by storing and transporting heat, freshwater and carbon around the globe. It is now known
that a significant portion of the water made dense in sinking regions ultimately returns to the surface along tilted
surfaces of constant density which rise from depth toward the surface around Antarctica in the Southern Ocean [4].
This component of the overturning circulation is of particular importance because when the waters reach the surface
of the Southern Ocean they can exchange carbon dioxide with the atmosphere; this accounts for 40% of the global
oceanic inventory of anthropogenic carbon dioxide [5]. However there is some indication that the circulation itself may
be influenced by climatic changes and in this way can act as a critical carbon-climate feedback [6]. The circumpolar
nature of the Southern Ocean means that it cannot support zonal (i.e. in the East-West direction) pressure gradients
above about 2000 m, where the eastward flow is unblocked by bottom topography. A consequence of this is that eddies
play a central role in the dynamics [7, 8]. Indeed the clockwise flowing upper meridional cell in the Southern Ocean is
part of a ‘residual’ circulation in which an eddy-driven circulation largely balance a wind-driven circulation [8, 9, 4].
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The streamwise- and time-average momentum balance of the large-scale flow can be investigated through the
transformed Eulerian mean zonal momentum equation [10, 11, 12]:

_eres:_ii"‘qu'f'* ) (D
Po 0x

where v, is the residual meridional velocity, a sum of eddy and mean contributions, /¢ is the streamwise-average
meridional eddy quasi-geostrophic potential vorticity (PV) flux, and 7}’ is the wind stress. The eddy PV flux is often
used to define an eddy-induced velocity v* where — fv* =1/¢’. Thus the second term on the RHS of (1) represents the
contribution of the eddy-driven circulation and the third term represents the contribution of the wind-driven circulation
to the residual circulation. A common procedure is to assume a down-gradient closure for the eddy PV flux with an
effective diffusivity g [12]:

V' = —Keft 5 - 2

In this framework, an understanding of the magnitude and spatial structure of the effective diffusivity is necessary
to diagnose the contribution of the eddy-driven circulation to the residual circulation. Moreover, computational
limitations mean that ocean models used for climate projections are too coarse in resolution to resolve the spatial
scales of eddies and thus must parametrize their effects. This is typically done by representing baroclinic instability
through an eddy-induced advection term [13]. Arguably, the lack of knowledge of the spatial and temporal variations
in the magnitude of the eddy diffusivity for this parametrization is a key limitation to the skill of ocean models.

A number of different techniques have been used to estimate eddy diffusivities from observations. One set of
techniques are based on the dispersion of floats and drifters [14, 15]. Another set of techniques is based on mixing
length arguments and uses estimates of sea surface height variability from satellite altimetry data [16, 17]. More
recently a alternative approach has been used to estimate eddy diffusivities using a technique based on advecting
a passive scalar [18, 3] using velocity fields derived from altimetry [9, 19, 20] and from a state-estimation model
[12]. This latter approach is based on the idea that the enhancement of diffusion that is provided by eddies can be
characterized by the increased complexity of advected scalar contours. However, these different techniques appeared
to give structurally different estimates of the eddy diffusivity. In particular, studies based on the dispersion of
floats/drifters and those based on sea surface height variability indicated a maximum of diffusivity in the core of
strong currents such as the Antarctic Circumpolar Current, whereas the advected-scalar based approach indicated a
minimum of diffusivity in these locations. A number of recent studies have attempted to address this discrepancy
[21, 22, 23]. One study [24] has concluded that methods based on the dispersion of floats/drifters and those based on
the advection of scalars are not in fact in contradiction, but that between several hundred and a thousand floats would
be needed to resolve the lateral and vertical variations of the diffusivities, which is many more than are typically
deployed in field campaigns. The limitation of the advected scalar-based approach is that it provides no information
about the along-stream variation of the eddy diffusivity, although some attempts have been made to parametrize this
[21]. Here we promote a new approach to use floats and drifters with near-real time altimetry data to characterize the
spatially varying eddy mixing structure based on the calculation of finite-size Lyapunov exponents [25]. We present
the first results from a a targeted observational field campaign which used this new approach.

LYAPUNOV CALCULATIONS

There has been much interest in applying techniques from dynamical systems theory to transport and mixing in fluids
over the past 20 years or so. Of particular relevance to oceanographic problems is the theory that addresses the role
of localized structures (jets and mesoscale eddies in an oceanographic context) in governing motion of, for example,
Lagrangian floats and drifters over extended regions of space. Early studies considered the motion of floats in the Gulf
Stream [26, 27] and highlighted the similarities with idealized time-periodic chaotic advection flows, whose mixing
and transport characteristics were well-studied [28, 3]. Subsequent work has looked at generalizing theoretical results
from the time-periodic situation to more general time-dependent flows [29].

One way to represent stretching of for example an advected scalar in fluid flows is to consider the local Lyapunov
exponent [30] which measures the dispersion of fluid particles along a Lagrangian trajectory (for application to
geophysical flows, finite-time or finite-size Lyapunov exponents are calculated [31, 32]). The Lyapunov exponent maps
the transport and mixing properties in both space and time, and is not limited to contour averages, unlike the above-
mentioned advected scalar based diagnostics. Extrema of Lyapunov exponents (calculated backward and forward in
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FIGURE 1. Snapshot of finite-size Lyapunov exponents during drifter deployment showing the location of stable (red) and
unstable (blue) manifolds; trajectories of each drifter are show in thick dashed lines (top). Relative dispersion (km) between pairs
of drifters; exponential separation is highlighted in red (bottom).

time) have been used to identify coherent structures [33, 34, 35] or mixing regions [36], and it can be shown that lines
of extrema often act as transport barriers [37] over a bounded range of times. These extrema identify the unstable
manifolds of hyperbolic points and it can be shown that the contours of an advected scalar will align along these
manifolds [38, 39]; folds in the unstable manifold are reproduced as folds in the advected scalar contours. Thus the
theoretical framework provides a link between the advected scalar based approaches to diagnosing mixing described
above and the float/drifter based approaches.

Hence we decided to undertake a novel float/drifter deployment program in the Southern Ocean to target and map
the unstable manifolds of hyperbolic points, to quantify the Lyapunov exponents and to interpret the results in the
context of mixing processes [40, 25]. The idea was to estimate the location of the hyperbolic points using near real-
time satellite altimetry data and to release floats/drifters nearby. It was anticipated that the floats/drifters would be
drawn to the unstable manifold and that two floats/drifters placed a small distance from one another close to the
unstable manifold would separate exponentially fast in time, as quantified by the Lyapunov exponent.

RESULTS AND DISCUSSION

We released a total of 30 surface drifters and 7 sub-surface floats (designed to follow surfaces of constant density at a
depth of approximately 1 km) in several clusters, all at locations close to estimated hyperbolic points in the vicinity of
Drake Passage. These releases formed part of the Diapycnal and Isopycnal Mixing Experiment in the Southern Ocean
(DIMES), a joint U.K and U.S research program. Figure 1 shows the results of one cluster of surface drifter releases
with the drifter trajectories (thick dashed lines) overplotted on the stable/unstable manifolds estimated from satellite
altimetry data; the drifters are observed to closely track the unstable manifold (top panel). To determine where to
release the drifters, the hyperbolic points were estimated by calculating the unstable manifolds from a backward-time
calculation using velocity fields derived from the near-real time altimetry data and additionally performing a forward-
time calculation using the fixed instantaneous data (at the time of release the future velocity field was not available). It
is clear that the information from the satellite altimetry data was sufficiently reliable to allow us to target the hyperbolic
point. The exponential separation of pairs of drifters can be observed in the lower panel.

These results offer a number of opportunities for developing a greater understanding of mixing processes in the
Southern Ocean and elsewhere. Firstly, they provide us with robust observationally based information concerning
the vertical variation in eddy mixing. Secondly, by considering a number of different release locations in different
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dynamical regimes we are able to investigate the influence of both the mean flow and the eddy field on mixing processes
[20]. Thirdly, the results provide an opportunity to explore new ocean model parametrization of eddy processes, e.g.
[41]. In addition to this, the results provide an opportunity to validate satellite altimetry data at small scales.
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